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Theories with Planck-scale deformed symmetries exhibit quantum time evolution in which pu-
rity of the density matrix is not preserved. In particular we show that the non-trivial structure
of momentum space of these models is reflected in a deformed action of translation generators on
operators. Such action in the case of time translation generators leads to a Lindblad-like evolution
equation for density matrices when expanded at leading order in the Planckian deformation param-
eter. This evolution equation is covariant under the deformed realization of Lorentz symmetries
characterizing these models.
I. INTRODUCTION
The tension between the basic tenets of quantum the-
ory and black hole quantum evolution [1] has been chal-
lenging the theoretical physics community for more than
thirty years. Two possible scenarios are usually consid-
ered for the fate of a radiating black hole: either its
quantum evolution is unitary through some yet unknown
mechanism or information is lost, pure quantum states
can evolve into mixed ones and we must give up unitarity
of quantum evolution as we know it when gravitational
effects are taken into account.
The first option has been by far the most explored in the
literature but its viability remains controversial (see e.g.
[2–5]). The possibility of violation of unitary evolution
in quantum mechanics has been criticized since its first
proposal and deemed as troublesome and leading to con-
flicts with locality and energy-momentum conservation
[6–8].
This letter returns to the issue of the possibility of non-
unitary evolution of density matrices and re-examines
it in the context of theories with deformed relativistic
symmetries. We show, in particular, that a generalized
evolution equation of Lindblad type can be realized by
time-translation generators belonging to quantum defor-
mations of the Poincare´ algebra. These models are linked
to a certain type of non-commutative field theories in
which the coordinate commutators close a non-trivial Lie
algebra and in three dimensions are related to the quan-
tization of a relativistic point particle coupled to general
relativity.
II. IS PURITY ETERNAL?
Soon after the discovery of black hole quantum ra-
diance, Hawking pointed out that a full evaporation of
these objects could lead to the evolution of pure quan-
tum states into mixed states [6]. Indeed the vacuum state
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of a freely falling observer appears to a fiducial observer
outside the black hole, who traces out the degrees of free-
dom inside the horizon, as a thermal state at the Hawking
temperature. The mixed nature of this state is due to the
existence of the unobservable region inside the horizon for
the observer outside the black hole and to the entangled
nature of the vacuum state of the quantum field. Once
the black hole has completely evaporated there are no
longer degrees of freedom inside the horizon and thus we
are left with a mixed state. Having started from a pure
vacuum state, albeit perceived by the observer at infin-
ity at any time as a mixed one due to her inability to
observe the black hole interior, we are left with a mixed
state at the end of the evaporation thus violating unitar-
ity of quantum evolution.
Banks, Peskin and Susskind [8] put under scrutiny the
proposal by Hawking of a fundamental non-unitary evo-
lution in quantum gravity [7]. Looking for the most gen-
eral evolution equation preserving hermiticity and trace
of the density matrix they re-discovered the Lindblad
equation [10]
ρ˙ = −i[H, ρ]−
1
2
hαβ
(
QαQβρ+ ρQβQα − 2QαρQβ
)
(1)
where hαβ is a hermitian matrix and Q
α form a basis
of hermitian matrices with Q0 = 1. As shown in [8]
the evolution equation (1) preserves positivity of ρ if the
matrix hαβ is positive-definite and it leads to increasing
entropy in the evolution if hαβ is real. In addition time
evolution does not lead to violations of energy conser-
vation if hαβ is real and positive and the operators Q
α
commute with the Hamiltonian (uniquely defined as the
operator appearing in the commutator in the right hand
side of (1)). Global conserved charges commute with the
Hamiltonian but they are non-local (integrals of local cur-
rents) and evolution according to (1) was shown in this
case to lead to non-local effects which manifest as viola-
tions of “cluster decomposition” [8] . Almost ten years
later Srednicki [9] re-considered the problem and actually
showed that such non-locality is quite harmless and does
not lead to observably macroscopic violations of locality.
Using global charges and requiring Lorentz covariance of
the Lindblad equation, however, he showed that for h real
2time evolution eventually leads to a non-positive definite
density matrix. This caused [9] to reject the possibility
of a Lorentz covariant Lindblad equation with Qα given
by global charges associated to space-time symmetries.
The additional conceptual drawback with Lindblad time
evolution raised in [9] concerned the fact that there was
no evidence of whether (1) had “any reasonable chance
to arise as the low energy limit of a more fundamental
theory.”
Below we will show that the framework of quantum
Poincare´ algebras allows for deformed time translation
generators whose adjoint action leads to a covariant Lind-
blad equation. In three space-time dimensions we will
show that gravity itself dictates such deformation of rel-
ativistic symmetries. We will further show how a similar
scenario for symmetry deformation is realized in four di-
mensions for certain models linked to non-commutative
space-times.
III. DEFORMING TRANSLATIONS
A fundamental principle of quantum mechanics states
that symmetry generators act on tensor product states
describing composite systems according to the Leibnitz
rule and on observables via the commutator i.e. the ad-
joint action. These are basic concepts of the theory of
representation of a Lie algebra on a Hilbert space and an
algebra of operators, respectively, which admit general-
izations.
Consider for definiteness a free scalar field on Minkowski
space. A generic element of the Poincare´ algebra p ≡
iso(3, 1) will act on the one-particle Hilbert space H
which by definition carries an irreducible representation
of p. In the standard textbook treatments of canonical
quantization one considers a basis of H given by eigen-
states of the translation generators
Pµ|k〉 = kµ|k〉 . (2)
This representation extends to the dual space H∗
spanned by bras
Pµ〈k| = −kµ〈k| , (3)
while the action “from the right” is analogous to the “ac-
tion to the left” on kets i.e. 〈k|Pµ = kµ〈k|. Multi-particle
states are described by symmetrized tensor products of
the one-particle space H and the representation of Pµ on
a generic Fock space element is given by a generalized
Leibniz rule encoded in the “second quantization” of Pµ
Pµ + (Pµ ⊗ 1+ 1⊗ Pµ)+
+ (Pµ ⊗ 1⊗ 1+ 1⊗ Pµ ⊗ 1+ 1⊗ 1⊗ Pµ) + ... (4)
where the first term acts on one-particle states the second
on two-particle states and so on. The notions above can
be used to derive the action of symmetry generators on
observables/operators. Indeed it suffices to derive the
action for the projection operator πk = |k〉〈k| seen as
the “outer product” of a ket and a bra namely πk =
π(|k〉 ⊗ 〈k|) = |k〉〈k| the action is defined by
Pµ(πk) = π(Pµ(|k〉 ⊗ 〈k|)) =
= π(Pµ|k〉 ⊗ 〈k| − |k〉 ⊗ 〈k|Pµ) = [Pµ, πk] (5)
which is nothing but the known adjoint action of sym-
metry generators on operators.
These very basic notions of representation theory ad-
mit an interesting generalization. Consider a basis of
kets |k(g)〉 for the one-particle Hilbert space labelled by
coordinates on a non-abelian Lie group rather than on
Minkowski space. Since these kets should describe the
states of a quantum relativistic particle a sensible require-
ment is that the Lorentz group acts transitively on the
momentum group manifold. A set of commuting genera-
tors of translations associated with this basis of kets will
act as an ordinary representation i.e.
Pµ|k(g)〉 = kµ(g)|k(g)〉 (6)
However when acting on the dual representation the non-
trivial structure of momentum space must be taken into
account and the action of translation generators is given
by
Pµ〈k(g)| = kµ(g
−1)〈k(g)| . (7)
This action is dictated by the definition of dual repre-
sentation and by the group homomorphism properties of
coordinate functions. Indeed in order to comply with
the homomorphism requirement momentum eigenvalues
kµ(g) must follow a non-abelian composition rule
kµ(g)⊕ kµ(h) ≡ kµ(gh) 6= kµ(h)⊕ kµ(g) ≡ kµ(hg) , (8)
and
kµ(g)⊕ kµ(g
−1) = kµ(gg
−1) = kµ(1) = 0 . (9)
This might look just like an odd realization of transla-
tion generators on a Hilbert space but it actually reflects
a well defined notion of representation of deformed sym-
metries according to the theory of Hopf algebras. Models
with this kind of symmetries have been studied for their
connection with non-commutative field theories in four
and three space-time dimensions [11–18] and in the latter
case are directly related to the quantization of a relativis-
tic point particle coupled to Einstein gravity [19–22]. As
an illustrative example I will briefly discuss this simpler
three-dimensional model below and then move on to a
more realistic four dimensional case.
IV. DEFORMED SYMMETRIES AND
LINDBLAD EVOLUTION IN 2 + 1 GRAVITY
General relativity in three space-time dimension has
the well known feature of not possessing local degrees of
3freedom [23]. Relativistic point particles can be coupled
to the theory as point-like defects whose world-line spans
a string. The resulting geometry is a conical space-time
characterized by a deficit angle α = 8πGm proportional
to the particle’s massm where G is the three-dimensional
Newton’s constant [24]. The momentum of such parti-
cle/defect is given by an element h ∈ SL(2,R) such that
[25]
1
2
Tr(h) = cos(4πGm) . (10)
The subspace of SL(2,R) determined by the condition
(10) should be thought of as the analogous of the mass-
shell for a relativistic point particle in three dimensions.
Indeed it is easily shown that in the limit G→ 0 equation
(10) “flattens” to the ordinary mass-shell condition [26].
In analogy with ordinary relativistic quantum theory, a
basis of kets |k(g)〉 labelled by elements of SL(2,R) con-
strained by (10) will span the Hilbert space of a quantum
relativistic particle of given mass [18]. These kets will
be eigenstates of a maximal commuting set of deformed
translation generators Pµ with a non-trivial action on the
dual Hilbert space and on tensor products. Without go-
ing into the mathematical details (which the interested
reader can find e.g. in [27–30]) it suffices here to say
that Pµ are the generators of the translation sector of a
“quantum deformation” of the Poincare´ group known as
the quantum double of the Lorentz group. To appreciate
the non-trivial structure introduced by the deformation
let us first look at the properties of the eigenvalues of the
kets |k(g)〉. Let us introduce the group parametrization
g =
√
1 + (4πG)2k2 I+ 4πGkµγ
µ (11)
where γµ are two-by-two traceless matrices and I is
the identity matrix. This assigns coordinates kµ(g) =
1/2πGTr(gγµ) to a group element. The non-trivial com-
position of momenta, at leading order in G, is given by
kµ(gh) = kµ(g) + kµ(h) + 4πGǫµνσk
ν(g)kσ(h) (12)
where ǫµνσ is the three dimensional Levi-Civita symbol,
while coordinates for the inverse group element remain
“undeformed”
kµ(g
−1) = −kµ(g) . (13)
It is suggestive to notice that the non-trivial term in (12)
can be considered as a Planck-scale deformation of the
usual composition of momenta since in three dimensions
the Newton’s constant G is proportional to the inverse
Planck mass. In the limit of small momenta the de-
formation simply vanishes. Borrowing the terminology
and notation from Hopf algebra theory and introducing a
Planckian mass scale κ = 1/4πG we say that the relation
(12) above reflects a non-trivial co-product for translation
generators
∆Pµ = Pµ ⊗ 1+ 1⊗ Pµ +
1
κ
ǫµνσP
ν ⊗ P σ , (14)
meaning that the generators Pµ act on tensor product
representations according to a deformed Leibniz rule,
while their antipodes, i.e. their actions on dual repre-
sentations, are undeformed
S(Pµ) = −Pµ . (15)
The action of Pµ on operators is determined by the quan-
tum adjoint action [31, 32], a generalization of the adjoint
action (5) to the case of symmetry generators with non-
trivial co-product and antipode. Specializing to a density
matrix ρ this reads
adPµ(ρ) = (id⊗ S)∆(Pµ) ⋄ ρ (16)
where (a⊗b)⋄c ≡ a c b. This can be seen as a generaliza-
tion of the action (5) for deformed translation generators
which in the limit of vanishing deformation parameter
(i.e. trivial ∆Pµ and S(Pµ)) reproduces the usual action
by commutator or adjoint action. For the time trans-
lation generator P0 we thus have the deformed adjoint
action
adP0(ρ) = [P0, ρ]−
1
κ
ǫ0ijP
iρP j . (17)
leading to a deformed evolution equation
ρ˙ = −i[P0, ρ] +
i
κ
ǫ0ijP
iρP j , (18)
where the time derivative in the left hand side should
intended with respect to the time translation parame-
ter associated to a finite time translation generated by
P0. This evolution equation can be rewritten in Lind-
blad form as
ρ˙ = −i[P0, ρ]−
1
2
hij
(
P iP jρ+ ρP jP i − 2P jρP i
)
.
(19)
where the “dissipation” matrix is given by
h =
i
κ


0 0 0
0 0 1
0 −1 0

 . (20)
This deformed evolution equation is a leading order re-
sult derived from the leading order deformation of the
co-product (14). Of course a result at all orders in 1/κ
can be easily obtained from using (16) and the known
expression of the deformed co-product ∆P0. The result-
ing deformed evolution equation will no longer look like
an ordinary commutator plus correction terms but like a
“non-linear” commutator and thus it will not be of the
Lindblad form. Notice also that equation (19) is Lorentz
covariant in a ordinary sense. Indeed for the type of de-
formation encoded into the quantum double construction
it turns out that the Lorentz sector is left untouched and
the action of Lorentz transformations on momenta can
be easily obtained from the action of SL(2,R) on itself
by conjugation [17, 26, 28]. The commutators describing
4the adjoint action of boosts and rotations on the genera-
tors Pµ close the ordinary Poincare´ algebra.
Thus this symmetry deformation scenario reproduces at
leading order a covariant Lindblad equation involving
global charges associated to translation symmetry. The
“dissipation” matrix (20) is not positive definite there-
fore positivity of the evolution of ρ is not guaranteed. In
[9] it was argued, using a specific example, that for real h
this Lindblad evolution scheme will eventually lead to a
non-positive definite ρ(t). In the case of (19) the dissipa-
tion matrix h is not real and it is by no means obvious if
a similar argument can be carried through. A thorough
analysis of this aspect is beyond the scope of the present
Letter but it will certainly be a primary issue in future
investigations.
V. FOUR DIMENSIONAL LINDBLAD
EVOLUTION AND DEFORMED SYMMETRIES
The simplest way to generalize the picture above to
four space-time dimensions is to take as momentum
space a four dimensional non-abelian Lie group. In the
most studied example this is achieved by considering the
Iwasawa decomposition [33, 34] of the de Sitter group
SO(4, 1) into the Lorentz group SO(3, 1) and the abelian
nilpotent group AN(3). Denoting with Jµν , (µ , ν =
0, .., 4) the generators belonging to the de Sitter algebra
so(4, 1) the group AN(3) is obtained by exponentiating
the four-dimensional Lie sub-algebra given by the four
generators J4µ + J0µ. These can be written in the fol-
lowing five dimensional matrix representation and intro-
ducing a constant κ with dimensions of energy as
X0 = −
i
κ


0 0 1
0 0 0
1 0 0

 , Xa = i
κ


0 eta 0
ea 0 ea
0 −eta 0

 , (21)
where ea is a basis of unit three vectors and e
t
a are their
transpose. Such generators satisfy the commutation re-
lations [X0, Xa] = i/κXa, [Xa, Xb] = 0 namely those of
κ-Minkowski non-commutative space-time [36]. We write
a generic AN(3) element as g = eip
aXaeip0X0 and intro-
ducing coordinates
k0 = κ sinh
(
p0
κ
)
+
1
2κ
ep0/κpap
a ,
ka = −e
p0/κpa ,
k4 = κ cosh
(
p0
κ
)
−
1
2κ
ep0/κpap
a , (22)
it is easily checked that
− k20 +
~k2 + k24 = κ
2 (23)
with k0+k4 > 0. Thus the AN(3) momentum space man-
ifold is half of four dimensional de Sitter space. The con-
stant κ determines its curvature and it is usually viewed
as a Planckian energy scale, in analogy with the three
dimensional example discussed before.
Translation generators associated with the group
parametrization in terms of kµ exhibit non-trivial co-
products and antipodes reflecting non trivial composi-
tion of momenta and their inversion. Their expression
for time translation generators, at leading order in the
(inverse) Planckian parameter κ is given by [35]
∆(P0) = P0 ⊗ 1+ 1⊗ P0 +
1
κ
Pm ⊗ Pm , (24)
S(P0) = −P0 +
1
κ
~P 2 . (25)
The fact that we have a non-trivial antipode for P0 in-
dicates that the notion of dual representation will be de-
formed and thus that of the conjugate action on opera-
tors as we will see in the following. Another key differ-
ence with the 2 + 1-dimensional case is the non-trivial
role played by Lorentz boosts. It turns out that when
the Lorentz sector is included in the picture consistency
relations between the action of SO(3, 1) on AN(3) and
vice-versa [36, 37] impose that Lorentz boosts also exhibit
non-trivial co-products and antipodes
∆(Ni) = Ni ⊗ 1+ 1⊗Ni −
1
κ
P0 ⊗Ni −
1
κ
ǫijmPi ⊗Mm
S(Ni) = −Ni (1 + P0/κ)−
1
κ
ǫijmPjMm . (26)
The resulting picture is that of a quantum deformation
of the Poincare´ algebra known as κ-Poincare´ algebra [38,
39]. The deformed adjoint action of the time translation
generator, obtained form the leading order expressions
(24) and (25), on a density matrix leads in this case to a
non-symmetric Lindblad equation
ρ˙ = −i[P0, ρ] +
i
κ
PmρPm −
i
κ
ρ ~P 2 . (27)
From a comparison with (1) and (19) one would indeed
expect that in order to preserve hermiticity of ρ an ex-
tra ~P 2ρ term in the equation above should have been
present. However, as mentioned before, a non-trivial
notion of antipode for P0 also implies a deformed no-
tion of hermitian adjoint for the quantum adjoint ac-
tion. Indeed in the presence of a deformed antipode
S(P0) 6= −P0 the hermitian adjoint will be now given
by (adP0(·))
† ≡ adS(P0)(·) so that quantum adjoint ac-
tion satisfies the the following deformed skew-hermiticity
condition (adP0(·))
† ◦ adP0(·) = 0.
Let us also stress the peculiar role of Lorentz boosts in
this context. While the momentum eigenvalues kµ trans-
form as ordinary Lorentz four-vectors and the adjoint ac-
tion of boosts and rotations on the translation generators
Pµ closes an undeformed Poincare´ algebra, the transfor-
mation properties of the modified Lindblad equation (19)
are non trivial. Indeed the quantum adjoint action of
boosts on the density matrix (and on a generic operator)
is deformed according to
adNi(ρ) = [Ni, ρ] +
1
κ
[P0, ρ]Ni +
1
κ
ǫijm[Pj , ρ]Mm . (28)
5However it can be verified that the quantum adjoint ac-
tions of Ni and P0 satisfy
adNi(adP0)(·)− adP0(adNi)(·) = adadNi(P0)(·) . (29)
which ensures that the evolution equation (19) obeys a
deformed notion of Lorentz covariance according to the
non-trivial quantum adjoint action.
VI. DISCUSSION
The results presented illustrate that a Lindblad-like
evolution equation is a natural consequences in theories
where time translation generators are deformed within
the framework of quantum algebras. This observation
opens two main fronts on which further investigations
must focus. On one side it will be important to estab-
lish whether the Planck-scale Lindblad equations derived
here signal a departure from unitarity or they reflect a
deformed notion of unitarity to be understood in the con-
text of Hopf algebras. The resulting picture will be con-
ceivably relevant in addressing basic questions in the de-
scription of black hole quantum evolution. On the other
hand it should be noted that there exist a long history of
experimental searches of departures from ordinary quan-
tum time evolution of the Lindblad type (see e.g. [40–
43]). Thus the possibility of non-unitary evolution in
models of deformed relativistic symmetries could open a
new phenomenological window for testing these scenar-
ios of Planck scale physics besides the avenues already
explored in the literature [44–51] .
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